INTRODUCTION
This paper is devoted to nonexistence of positive solutions for some quasilinear elliptic inequalities and their systems in a bounded domain ⍀ ; ‫ޒ‬ N , N G 1, without prescribing any boundary conditions. We can formulate the typical problem that we shall study as follows: ''Let ‫ށ‬ be a second order differential operator in divergence form and let f : ⍀ = ‫ޒ‬ q ª ‫ޒ‬ q be a given function. What are the sufficient conditions that imply the nonexistence of positive solutions of
when u g S, S being a suitable functional class that depends on ‫,ށ‬ f, and ⍀?'' The origin of the problem dates back to the classical Liouville theorem for the Laplacian. In the case ⍀ s ‫ޒ‬ N , its nonlinear versions have been studied by many authors in connection with associated Dirichlet problems Ž w x . in bounded domains see 1 and references therein . Most results in this Ž w x. direction deal with the class of radial solutions see 10, 12 . However, w x methods developed by Gidas and Spruck for the Laplace equation 6 and by Mitidieri and Pohozaev for a wide class of quasilinear elliptic inequaliw x ties 7᎐9 allow us to obtain sharp nonexistence results without any assumptions concerning the behaviour of eventual solutions. Here we w x adapt for our purposes some of the techniques developed in 9 . For a bounded ⍀ and ‫ށ‬ s ⌬, the most celebrated results are due to w x Ž w x. Brezis and Cabre 2 see also an earlier result obtained by Ni 11 . Iń particular, they have proved that the problem
½ u G 0 i n ⍀ , has no solutions for ␣ G 2 and q G 2. In this paper, we generalize the w x method of 2 in order to extend these nonexistence results to single inequalities and systems of the form The proof is based on an argument by contradiction which involves both upper and lower a priori estimates. The lower bound follows directly from the strong comparison principle. As for the upper bound, in anti-coercive problems for the p-Laplacian it can be obtained by an appropriate change of variables and applying the weak comparison principle to the transw x formed problem, as in 2 . However, this method requires rather restrictive structural assumptions on the operator. Nevertheless, it is possible to obtain the necessary estimates for a much wider class of problems, for which the strong comparison principle is generally unknown. For this purpose, we use special test functions in the definition of a weak solution w x similarly to 7᎐9 . This paper is organized as follows. Section 2 contains some auxiliary results which are used in the sequel and a nonexistence theorem for a model problem associated to the p-Laplacian operator.
Section 3 is devoted to systems of quasilinear elliptic inequalities of the Ž . form 1.3 .
In Sections 4 and 5, these results are extended, respectively, to scalar and vector non-homogeneous problems including coercive ones.
SINGLE INEQUALITIES
We start by considering the quasilinear elliptic problem
where p ) 1, ⍀ ; ‫ޒ‬ N is a bounded smooth domain, 0 g ⍀, and N G 1 is the dimension of the space.
We define the functional class of solutions as
Throughout this paper, и , и will denote the standard scalar product in ‫ޒ‬ N . Now we are able to formulate our first result.
.1 has only a tri¨ial solution in S.
One of the main ingredients in the proof of this theorem is the following lemma.
We modify for our use the method of proof of Lemma 1.7 in 2 w x 2 Ž . and Lemma 2 in 3 . Indeed, let us first suppose that g C ‫ޒ‬ , u g 2 Ž . Ž . C ⍀ , and, respectively, f g C ⍀ . Then we have 
Passing to the limit as k ª ϱ, we obtain the claim.
For the proof of the theorem, we shall also make use of the following Ž Ž . . result. Here and in the sequel B denotes B 0 .
LEMMA 2.3. Consider the problem
where , c ) 0. 
Ž . some ) 0, B ; ⍀, then 2.2 and 2.8 imply
and the last integral diverges by the assumption p G N. This contradicts 5 5 our hypothesis that Dw -qϱ. that u x ) 0. In this case we can define a function
Therefore we can conclude that there exists a
Ž . we can apply to 2.9 the strong maximum principle for the Dirichlet Ž w x. p-Laplacian see, for instance, 4 , which implies that there exist ) 0, Ž . ) 0, and B with closure in ⍀ such that u x G for all x g B . 1 Hence,
Ž .
The assumption q ) p y 1 implies that the function : ‫ޒ‬ ª ‫ޒ‬ is bounded in ‫ޒ‬ and satisfies all conditions of Lemma 2.2. Hence,
Now from the assumption ␣ G p it follows that
p Ž . here we assume without loss of generality that 0 -F 1 .
Ž . Since p F ␣ -N, we can now apply Lemma 2.3 i with c s 1 and
Thus we obtain that u x ª qϱ as x ª 0, which is incompatible with the fact that if u k 0 in ⍀, the function is defined Ž . and bounded on the whole ‫ޒ‬ , by virtue of 2.11 . Thus we arrive at a q contradiction which proves the theorem.
Remark 2.4. If we restrict our attention to the class of radial solutions, Ž . then the assumption u g C ⍀ is too strong. Indeed, if we suppose that Remark 2.6. The above result can be easily generalized to a wider class of nonlinear inequalities of the form Ž . Ž .
For this purpose, it suffices to repeat the proof of Theorem 2.1 using the Ž . function s defined by the formula
Ž . instead of 2.11 .
SYSTEMS OF QUASILINEAR ELLIPTIC INEQUALITIES
In this section we shall study the quasilinear system of elliptic inequalities
with p, q, and ⍀ as above.
We suppose that the following hypotheses hold.
We define the space of solutions as
Our first result in this section will be a generalization of Theorem 2.1.
Ž . Ž . Proof. Suppose to the contrary that u and¨verify our hypotheses, and that u,¨k 0. Similar to the beginning of the proof of Theorem 2.1, we obtain that
Ž . 
Now, we can define functions and as
Ž . By i , both functions and are bounded on ‫ޒ‬ and satisfy all q assumptions of Lemma 2.2. Hence,
We can assume without loss of generality that 0 -F 1. Therefore, if Ž Ž . . ␣ G p recall that either this assumption, or ␤ G q holds by iii , the first Ž . inequality in 3.6 implies 
Ž . and for the second inequality of 3.1 , respectively
Ž .
Moreover, similarly to Section 2, power functions at the right-hand side can be replaced by more general nonlinearities. In fact, we can consider the system of quasilinear elliptic inequalities Ž . Ž . 
NON-HOMOGENEOUS SCALAR PROBLEMS
In order to prove the previous results, we needed Lemma 2.2 which was based, in its turn, on the homogeneity of the left-hand side of the inequalities in question. Moreover, certain assumptions on the structure of the operator andror behaviour of the solutions were essential in order to apply the strong maximum principle. However, these assumptions are rather restrictive. In the two remaining sections we shall show that an w x appropriate modification of the methods developed in 7᎐9 for quasilinear elliptic inequalities and systems in ‫ޒ‬ N enables us to prove nonexistence results for a certain class of non-homogeneous problems.
Here and in the sequel we shall assume that A : ⍀ = ‫ޒ‬ = ‫ޒ‬ ª ‫ޒ‬ is aŽ . Caratheodory function such that for any x, s, t g ⍀ = ‫ޒ‬ = ‫ޒ‬ we havé
Ž . Ž . where c , c ) 0 and p ) 1. Denote x s dist x, Ѩ ⍀ . 1 2 Consider the problem
where the function a satisfies the inequality
Ž . We define the functional class of solutions as
where ␤ g ‫ޒ‬ is a suitable negative number, p ) 1, and q G 0.
Ž . Proof. We shall strictly follow the scheme of the proof of Theorems 2.1 w x Ž . and 4.1 in 9 . Let 1 y p -␤ -0 and suppose that u is a solution of 4.2 .
ϱ Ž . We also introduce a cut-off function g C ⍀; ‫ޒ‬ whose concrete form 0 q will be chosen later. Ž .
␤ Multiplying 4.2 by H s u , where u s u q with ) 0, and ␤ integrating by parts we obtain
By the Young inequality with parameter ␦ ) 0 we have
. p chosen sufficiently small and c s c rp␦ we obtain
and then
Ž . where y ) 1 has to be chosen. Next from 4.5 it follows that
H
Ž .
␤ i.e., y s . We observe that if ␤ ) 1 y p then y ) 1 since, by
Ž . Using now 4.3 and passing to the limit as ª 0, from 4.6 we get
We define by s [ with chosen sufficiently large.
Ž w x. By this choice of , using a standard change of variables see 9 , we finally obtain
Observe that for ␤ ) 1 y p ) yq, we have
1.
Passing to the limit as x0, we obtain
H ⍀ This completes the proof.
If we choose ␤ ) 0, the same technique allows us to prove a similar result for coercive problems. Indeed, the following theorem is valid. 
has only a tri¨ial solution for any 0 -␤ -p y 1.
Another important class of operators that can be studied are the so-called ''mean curvature type'' operators. 
Ž . Ž .
Then the operator T defined by
is called a ''mean curvature type operator'' associated to the function A. On the other hand, inequality 4.7 with a cut-off function s ,
and sufficiently large implies 
NON-HOMOGENEOUS SYSTEMS
In this section, we extend the results of Section 4 to systems of quasilinear elliptic inequalities of second order.
In particular, consider the problem We define the class of solutions as
for some ␥ g ‫.ޒ‬ Then the following result holds. Ž . ␦ ) 0. Next we multiply 5.1 by and obtain by the Holder inequalitÿ
where we have chosen the parameters a, y such that 
